We investigate the nature of Yu-Shiba-Rusinov (YSR) subgap states induced by single manganese (Mn) atoms adsorbed on different surface orientations of superconducting lead (Pb). Depending on the adsorption site, we detect a distinct number and characteristic patterns of YSR states around the Mn atoms. We suggest that the YSR states inherit their properties from the Mn d-levels, which are split by the surrounding crystal field. The periodicity of the long-range YSR oscillations allows us to identify a dominant coupling of the d-states to the outer Fermi sheet of the two-band superconductor Pb.
Local magnetic moments in metals induce potential and exchange scattering of quasiparticles. When the metal enters the superconducting state, this leads to the formation of localized bound states within the superconducting gap, referred to as Yu-Shiba-Rusinov (YSR) states [1] [2] [3] . In the simplest picture, the magnetic moment is viewed as a classical impurity spin, which is exchange coupled to itinerant electrons with an isotropic Fermi surface. Treating the exchange coupling as local and isotropic, a single particle-hole symmetric pair of YSR states is predicted within the gap whose wave functions oscillate with a wavelength λ F (λ F being the Fermi wavelength) [3] [4] [5] [6] . Anisotropy of the Fermi surface induces a scattering pattern reflecting the symmetry of the host lattice, as discussed theoretically and observed in recent experiments [7, 8] .
With sufficient resolution, experiments show not only one, but several pairs of YSR resonances [9] [10] [11] . The origin of multiple YSR resonances was assigned to scattering channels with different angular momenta (l = 0, 1, 2, . . .) [9, 12] , or to the anisotropy splitting of the magnetic states of the adsorbate [11, 13] . The arguments were based solely on the energetic alignment of the YSR states and not on the spatial extension and patterns of the states, which would allow one to establish a link with the orbital structure of the magnetic impurity.
Here, we address the origin of multiple YSR states by combining scanning tunneling microscopy and spectroscopy (STM and STS) experiments, which are powerful tools to map the energetic and spatial characteristics of energy levels, with a theoretical analysis.
Our study is based on Mn adatoms placed on a Pb substrate. The main advantage of this system is that the Mn adatoms are expected to be in the Mn ++ configuration with five d-electrons. According to Hund's rules, the Mn d-shell is in a 6 S 5/2 configuration and, hence, spherically symmetric. Thus, the ion cannot change the angular momentum of the conduction electrons in an isotropic environment and in the absence of spin-orbit coupling, which facilitates comparison between experiment and theory. The s-wave superconductor Pb is an experimentally wellstudied substrate due to its high critical temperature (T c = 7.2 K), which can be readily prepared by standard ultrahigh vacuum preparation techniques [9] [10] [11] 14] . It also constitutes an appealing substrate for topologically nontrivial nanostructures [15] [16] [17] [18] [19] [20] [21] . Therefore, it would be rewarding to develop a more systematic understanding of magnetic adatom systems, reaching all the way from monomers and dimers to chains or even two-dimensional arrays. Because Pb possesses two disjunct Fermi surfaces, it is a two-band superconductor with two distinct gaps [22] , which can be resolved in STM experiments [14] . Our study provides evidence that the YSR states in this system are predominantly associated with one of the two bands.
The experiments were carried out in a Specs JT-STM under ultrahigh vacuum conditions at a temperature of 1.2 K. The Pb single crystals were cleaned by Ne + ion sputtering (900 eV, 1.5 × 10 −4 mbar, background pressure < 1.5 × 10 −9 mbar). Annealing to 430 K for 30 min results in clean, flat, and superconducting terraces. Spectra of the differential conductance dI/dV as a function of sample bias V were acquired with a standard lock-in technique at a frequency of 912 Hz. To achieve high energy resolution, we cover etched W-tips with Pb by deep indentations into the clean Pb surface until superconductor-superconductor tunneling spectra are measured. The use of a superconducting tip together with an elaborate grounding and RF-filtering setup yields effective energy resolutions of ≈ 60 µeV at 1.2 K. Using superconducting tips involves a convolution of the densities of states of tip and substrate, so that all subgap states appear shifted by the superconducting gap of the tip (∆ tip ) to an energy eV = ±( + ∆ tip ) [23] . Mn adatoms were evaporated onto the clean sample in the STM at a temperature below 15 K, resulting in a density of 100 atoms per 100 × 100 nm 2 . We first deposit Mn atoms on the Pb(001) surface. All Mn adatoms adsorb in equivalent sites, which we call Mn Pb(001) . The adsorption site is stable against manipulation with the tip. In topography, the adatoms display a fourfold shape and a height of 0.15Å at 5 mV [ Fig. 1(a) , inset]. Spectra on top of the adatoms reveal three pairs of YSR resonances inside the superconducting gap. The one with the largest spectral intensity (labeled ±β) is found at a bias voltage of ±2.08 mV [ Fig. 1(a) ], complemented by two faint resonances at ±2.47 mV and ±1.61 mV [ Fig. 1(b) ]. We label the latter resonances as ±α, and ±γ, respectively.
The spatial patterns of all three YSR states show characteristic fourfold symmetries [ Fig. 2(b) ], with extensions up to ≈ 1.6 nm. This is an order of magnitude larger than the atomic radius. The resonances ±β show intensity mainly at the center of the impurity, with some weak intensity along the 110 directions. Because of their large intensity we observe a negative differential conductance (NDC) [see Fig. 1(a,b) ]. The maps at ±α are dominated at the center by this NDC because of the energetic overlap of ±β with ±α; hence, the maps show no spectral intensity here. The intensity is largest at a distance of 0.9 nm away from the center. The map at +γ resolves a clover leaf pattern along the 100 directions, whereas we hardly detect any signal for −γ.
The YSR patterns resemble the shape of d-orbitals and thus suggest a correlation of the YSR resonances and the orbitals hosting an unpaired electron spin. This requires a splitting of the d-states of Mn due to the crystal field imposed by the adsorption site. In a hollow site, the nearest neighbors form a square pyramidal coordination symmetry, which removes the degeneracy of the five d-levels [ Fig. 2(c,d) ]. According to simple arguments of crystal field theory, the d x 2 −y 2 -orbital lies highest, followed by the d z 2 -orbital, the degenerate d xz -and d yz -orbitals, and the d xy -orbital at the lowest energy. The energy separation between d xz/yz and d xy depends on the ratio of inplane and out-of-plane bonding distances and the levels become degenerate for an adsorption configuration with all distances being equal. Indeed, we find hints that res- onance ±γ is composed of almost degenerate states, as it splits up upon interaction with neighboring atoms (see Supplemental Material [24] ).
Simple models of YSR states rely on scattering of l = 0 conduction electrons (for a notable exception, see Ref. [27] ). However, as emphasized by Schrieffer [28] , only l = 2 conduction electrons are (potential and exchange) scattered by Mn ++ impurities in an isotropic metal, which is a consequence of their S-state nature. Starting with the isotropic case, we can then account for lattice and surface effects by the addition of anisotropic crystal fields which (partially) remove the degeneracy between the d-levels and make the potential and exchange coupling with the impurity orbital dependent [27] (as follows from a standard Schrieffer-Wolff transformation [28, 29] ). This structure is then inherited by the YSR states (see Supplemental Material [24] ). This picture suggests that Mn ++ impurities actually induce five pairs of YSR states whose degeneracies and spatial patterns reflect the crystal-field-split d-orbitals.
We now aim for an identification of the specific dorbitals that give rise to the YSR resonances ±α, ±β, and ±γ. The fact that β is the most intense resonance indicates that it has the largest wave function overlap with the tip [note the color scale in Fig. 2 from scattering at the d z 2 -orbital, which is oriented along the surface normal. We note that both resonance α and γ exhibit the largest intensity along the 100 directions, i.e., towards the nearest neighbors. Hence, an assignment solely based on directions is not a priori possible. Instead, we rely on the above mentioned observation of the degeneracy of ±γ. It includes the d xz,yz -and d xy -orbitals as scattering centers, whereby the latter is oriented in plane and thus only contributes weakly to tunneling. Then, resonance α is induced by scattering from the d x 2 −y 2 -orbital.
In addition to the influence of the orbital symmetry, the long-range scattering pattern obtains structure from the anisotropy of the Fermi surface [7] . In case of Pb(001), the projected Fermi surface obeys a C 4 symmetry. Electron (hole) propagation along the 110 directions appears enhanced due to focusing perpendicular to the low-curvature regions of the Fermi surface [14, 30, 31] . The anisotropy of the Fermi surface thus amplifies the C 4v angular dependence of the d-orbitals. This imprints a faint fourfold shape on the YSR patterns. In the case of the d z 2 -orbital (±β) it is one hundred times smaller than the spherically symmetric central part of the resonance [compare Fig. 2(b) with insets] .
In order to test the validity of our model, we carried out similar experiments on Pb(111). This surface imposes a different crystal field on the adsorbate so that we expect different characteristic YSR energies and patterns. Deposition of Mn on Pb(111) leads to a unique adsorption site for all adatoms. In topography, they appear with a height of ≈ 0.5Å at 50 mV and a slightly oval shape along one of the three 110 directions [see inset in Fig. 3(a) ].
By approaching the STM tip on top of a Mn adatom at V = +5 mV until contact formation, the atom is transferred from the initial adsorption site to a site with a larger apparent height (≈ 1.1Å at 50 mV) and a fully symmetric appearance in topography [10] . The initial adsorption configuration is recovered by contact formation at V = −180 mV, which yields the original height and shape, with the oval shape being oriented along one of the three 110 directions, though not necessarily the initial one. We refer to the two adsorption sites according to their apparent heights as Mn Both adsorption sites show several YSR resonances inside the superconducting energy gap at eV = ±( + ∆ tip ) [ Fig. 3(a,b) ]. [In addition, we also observe resonances at eV = ±(∆ tip − ) which originate from thermally activated tunneling into or out of YSR states [10] and are restricted to small at 1.2 K.] The deconvolved density of states is plotted in Fig. 3(c,d) [32] . Interestingly, we observe different numbers of YSR resonances for the two adsoption sites, in addition to shifts in energy. For Mn 2 decay has been removed (for full data see Supplemental Material [24] ). The insets show the dI/dV maps at the corresponding energies. The arrows mark the direction along which the intensity is plotted. The z profile gives the apparent height along the distance from the impurity center.
atom is slightly displaced from a hollow site, which is consistent with its oval-shaped appearance.
Next, we investigate the spatial distribution of the YSR resonances by dI/dV maps at the respective energies. They are shown for positive bias voltages in Fig. 3(e) for Mn down Pb(111) and in Fig. 3(f) for the same atom after manipulation into the Mn up Pb(111) adsorption state. Maps at negative bias voltages reveal similar patterns (see Supplemental Material [24] ). The maps do not reflect the typical fourfold shape of the Mn d-orbitals. The C 3v symmetry of the ligand field polarizes the dorbitals due to hybridization with the p-orbitals [33] . As a result, the characteristic d-orbital shapes are deformed, resulting in an overall twofold symmetry as reflected in the YSR maps. We may tentatively assign the YSR states by arguments of wave function overlap with the tip. Both, ±θ and ±ζ show a large intensity signifying an out-of-plane extension of the wave function. The spherical symmetry of ±θ at the impurity site suggests that it originates from scattering at the d z 2 -orbital. Resonances ±ζ would thus correspond to the degenerate d xzand d yz -orbitals. The in-plane d x 2 −y 2 -and d xy -orbitals possess the smallest wave function overlap and hence the lowest intensity at ±η.
Another interesting feature is the large lateral extension of several of the YSR states. Three (β,γ,ε) of the five states of the Mn [Fig. 3(e,f) ]. The beamlike extension along the 110 axes is due to the focusing of scattering electrons from the flat parts of the Fermi surface. We identify oscillating intensities within the beams. Indeed, an oscillation with 2 k F is expected for YSR states, because their wave functions obey [3] 
(1) Here, k F is the Fermi wave vector, ξ is the coherence length, and δ ± are the scattering phase shifts of the YSR states at positive and negative bias, respectively. The electron density |ψ(r)| 2 thus decays as 1/r 2 . We have removed this dependence by a fit to the decaying intensity of states ±θ and ±η (for details see Supplemental Material [24] ). The result is plotted in Fig. 4 and highlights the oscillations. We observe up to four periods with a periodicity of 5.8Å, which should be compared to the Fermi wavelength of the substrate. Pb possesses two disjunct Fermi sheets [22] . One sheet is s-p-like and originates from the second Brillouin zone, the other one is p-d-like and originates from the third Brillouin zone. The peculiar band structure gives rise to two superconducting energy gaps [14, 22] , which we also observe in the dI/dV spectra. The corresponding Fermi wavelengths along the 110 direction are λ F = 7.8 ± 0.8Å for the first, and λ F = 12.1 ± 0.5Å for the second band [34] . The observed periodicity agrees with λ F /2 of the second Fermi sheet. Hence, the YSR resonances arise due to magnetic scattering with electrons in the p-d-like band. This is a reasonable conjecture in view of the more localized character of this band compared to the more delocalized nature of the s-p-like band.
The oscillations of hole-like and electron-like YSR resonances are phase shifted in Fig. 4 with a larger shift between resonances ±θ compared to resonances ±η. This agrees with the dependence of the binding energies of the YSR states on the phase shifts according to = ∆ cos(δ + − δ − ). It implies that the closer states are to the gap edge the smaller is the phase shift between the positive and negative YSR component.
To summarize, we investigated YSR states of transition metal adatoms on high symmetry surfaces of the BCS superconductor Pb. The adsorption site imposes a distinct crystal field splitting on the d-orbitals. We could show that the YSR states inherit the symmetry of the scattering potential from the individual d-orbitals of the adatom. On the Pb(001) surface, spatially resolved conductance maps allow us to identify the corresponding d-orbitals. The strong influence of the anisotropic Fermi surface overwhelms this assignment on the Pb (111) where J and V are the strengths of the exchange and the potential coupling between the impurity atom and the conduction electrons. If we assume the impurity spin S to be aligned along z direction, the last term in the Hamiltonian can be written as
Introducing Nambu spinor C km = (c km↑ , c † k−m↓ )
T , we have the Bogoliubov-de Gennes Hamiltonian
Here, τ α denotes Pauli matrices in particle-hole space. The Green function corresponding to the above Hamiltonian fulfills the Dyson equation
where g km is the Green function of the homogeneous superconductor without the impurity,
In particular, we have
which gives
One can identify the T matrix as
with ν 0 a one-channel density of states at the Fermi level (∝ 1/(πv F )) for the conduction electrons, we find that
whose poles give the Shiba state energies:
where α = JSπν 0 > 0, β = V πν 0 . [J as defined here differs from the J in the real-space representation (for s-wave scatterers) Jψ † (0)σψ(0) · S by a normalization factor; however, the value of the dimensionless quantity α remains unaffected.] This expression is the same as the one for the Shiba states induced by an exchange potential of the form of a δ-function. The difference is that the Shiba states obtained here are fivefold degenerate. 
Crystal field splitting
Above, the Shiba states were obtained from scattering electrons of an isotropic superconductor off an impurity potential with a certain angular momentum component with l = 2. Thus, the Shiba states are 5-fold degenerate, and their wave functions resemble the shape of d atomic orbitals. The degeneracy is (partially) removed by the crystal field describing the local environment of the magnetic impurity. The nature of the splitting is essentially determined by symmetry. We briefly summarize the standard results of group theory which govern these splittings for the surfaces of interest in the main text.
The point group symmetries for the Pb(001) and Pb(111) surfaces are C 4v and C 3v with the corresponding character tables in Tables I and II , respectively [26] . As long as the adsorption sites respect this symmetry, we can then read off the generic multiplicities of the Shiba states. In our experiments, we find this to be the case for the Pb(001) surface as well as the for Mn up Pb(111) site on the Pb(111) surface. If the adsorption site further reduces the symmetry, the Shiba states will split even further. In our experiments, we conclude that this is the case for the Mn down Pb(111) adsorption site. For the case that the absorption sites respect the symmetry of the surface, we thus find from the character tables:
• Pb(001): • Pb(111): In Fig. 3 of the main text we provided dI/dV maps at positive bias voltages for a Mn adatom in the Mn down Pb (111) and in the Mn up Pb(111) adsorption site. The contrast of some of the maps was stretched to emphasize the long-range patterns of the YSR states. For completeness, we provide the same maps with a linear color scale in Fig. 5 (+α to + and +ζ to +θ). We provide also dI/dV maps of the YSR resonances at negative bias voltages, which show patterns similar to those at positive voltages. The dI/dV maps are recorded with the tip-sample distance adjusted in each pixel to a setpoint of 400 pA at 5 mV. Lock-in modulation: 20 µV rms . The maps of +α to + and +ζ to +θ reproduce the same data as in Fig. 3 (e,f) of the main text, but with a linear color scale. The maps of the negative energy resonances −α to − and −ζ to −θ are shown with a linear (top) and with a stretched (bottom) color scale, respectively. Note that the dark spot in the top right corner of the imaged area is a subsurface neon inclusion [14] .
Further arguments for the orbital assignment In the main text we deduced the symmetry of the scattering potential from the spatial pattern of the YSR-states observed in the dI/dV maps of a Mn adatom on Pb(001). We assigned the distinct states α, β and γ to originate from scattering of the Mn adatom's d-orbitals. The assignment of resonances ±β to d z 2 was unambiguous because the intensity is strongest at the center of the adatom and only weak into the 110 directions. Resonances α and γ originate either from scattering at d x 2 −y 2 and/or from the orbitals d xz,yz and d xy . An assignment from the spatial shape of the YSR state alone is ambiguous. At higher coverage, we also observe pairs of adatoms at close distance. The interaction leads to a splitting of the resonances ±γ into three pairs of resonances [see Fig. 6 ]. This requires ±γ to actually consist of (at least) two resonances. Thus, we assigned ±γ resonances to scattering at the orbitals d xz,yz and d xy , which are degenerate in the single atom. Resonances ±α then originate from scattering at d x 2 −y 2 .
Lateral decay of dI/dV intensity
In the main text we showed the lateral decay of spectral intensity of YSR states along the 110 high-symmetry directions in the vicinity of a Mn up Pb(111) adatom. The curves were extracted from high-resolution dI/dV maps at the energies of the YSR states. To emphasize the oscillatory intensity variations, we subtracted a background b(r), which is derived from the 1/r dependence of the YSR wavefunction ψ(r) at distances r < ξ (ξ is the coherence length of the superconductor): 
